We review the prototype model of a grand unified theory on the orbifold S 1 /Z 2 and discuss topics related to the choice of boundary conditions; the dynamical rearrangement of gauge symmetry and the equivalence classes of BCs. We explore a family unification scenario by orbifolding.
The first problem is what the breaking mechanism of a grand unified symmetry is such that the triplet-doublet Higg mass splitting is naturally realized without fine-tuning among parameters. For the first three problems, many intriguing ideas have been proposed, in most case, on the basis of the extension of Higgs sector. The origin of the family replication has also been a big riddle and there have been several interesting proposals. But we have not arrived at final answers or well-established ones for these questions, yet. Hence we would like to reconsider them from another angle, that is, by the extension of our space-time structure.
Now it is time to tell you our standpoint and our goal. Our standpoint is that we shall adopt the SUSY grand unification scenario, and our goal is to construct a realistic GUT with an extra space. But we still have a long way to go there, and so the goal in this article is to introduce the construction of a GUT on the orbifold S 1 /Z 2 and to discuss topics related to the choice of boundary conditions (BCs) on S 1 /Z 2 and to suggest an origin of family. These studies will help us on the constuction of a realistic model.
The content of this article is as follows. First I explain the orbifold breaking mechanism and the prototype model of an orbifold GUT. We will find what excellent features this type of model has. Next I discuss topics related to the BCs on the orbifold, i.e., the dynamical rearrangement of gauge symmetry and the equivalence classes of BCs on S 1 /Z 2 . Then we study a family unification scenario by Z 2 orbifolding. Finally I will give you a brief summary.
ORBIFOLD GRAND UNIFIED THEORY

Orbifold and orbifold breaking
An orbifold is a space obtained by dividing a manifold with some discrete transformation group, and the space has fixed points. Here, fixed points are points that transform into themselves under the discrete transformation. 2 The simple example of an orbifold is S 1 /Z 2 and it is obtained by dividing a circle S 1 (whose radius is R) with the Z 2 transformation y → −y, which is shown in Figure 1 . As the point y is identified with the point −y on S 1 /Z 2 , the space y = πR y = 0 y ∼ −y 
the following relations hold:
where I is the identity operation. The operation Z ′ 2 is the reflection at the end point y = πR. Let us adopt the brane world scenario with the help of orbifold fixed points. We assume that the space-time is factorized into a product of 4-dimensional Minkowski space and the orbifold S 1 /Z 2 , which is shown in Figure 2 . Those coordinates are denoted by x and y, respectively. Our 4-dimensional world is assumed to be sitting on one of the fixed points. There exist two kinds of fields in the 5-dimensional space-time. One is the brane field which exists only at the 4-dimensional boundary and the other is the bulk field which can go to the fifth direction. On the orbifold, the point y is identified with the points −y and 2πR − y, but each bulk field do not necessarily take an identical value at these points. Let the bulk field Φ(x, y) be a multiplet of some transformation group G and the Lagrangian density L be invariant under the transformation Φ(x, y) → Φ ′ (x, y) = T Φ Φ(x, y) such that L (Φ(x, y)) = L (Φ ′ (x, y)) where T Φ is a representation matrix of G. If we require that the L should be single-valued on M 4 × (S 1 /Z 2 ), i.e., L (Φ(x, y)) = L (Φ(x, −y)) = L (Φ(x, 2πR − y)),
the following BCs are allowed,
represent appropriate representation matrices of G and they satisfy the relations:
Here, the I stands for the unit matrix. The matrices P 0 , P 1 and U are the representation matrices (up to sign factors) of the fundamental representation of the Z 2 , Z ′ 2 and T transformations, respectively. The eigenvalues of T Φ [P 0 ] and T Φ [P 1 ] are interpreted as Z 2 parities (denoted as (P 0 , P 1 )) of each component for the fifth coordinate flip. Because the assignment of Z 2 parities determines BCs of each multiplet (or transformation properties under the Z 2 reflections) as given by (4), we use "Z 2 parities" or "Z 2 parity assignment" as a parallel expression of "BCs on S 1 /Z 2 ".
Let φ (P 0 P 1 ) (x, y) be a component with definite Z 2 parities
where ± indicates the eigenvalues ±1. In (6)-(9), the coefficients φ
which acquire the masses m/R when the Z 2 parities are (+1, +1), φ (−−) n (x) (n = 1, . . .) acquire the masses n/R (n = 1, 2, . . .) when the Z 2 parities are (−1, −1), and φ (±∓) n (x) (n = 1, . . .) acquire the masses (n − 1 2 )/R when the Z 2 parities are (±1, ∓1) upon compactification. The mass spectrum is shown in Figure 3 . The point is that T Φ [P a ]s are not necessarily proportional to the unit matrix and massless fields (φ (++) 0 (x)) called zero modes appear only in the components with even Z 2 parities. Different Z 2 parity assignment is allowed for each component and then symmetries of L can be broken by the difference between the BCs of each component. 3 Here we summarize our statement.
Unless all components of the non-singlet field have common Z 2 parities, a symmetry reduction occurs upon compactification because zero modes are absent in fields with an odd parity.
This type of symmetry breaking mechanism is called the "orbifold breaking mechanism". The Z 2 orbifolding was used in superstring theory [8] and heterotic M-theory [9] . In field theoretical models, it was applied to the reduction of global SUSY [10] and then to the reduction of gauge symmetry [11] .
Orbifold Grand Unification
I explain the prototype model of an orbifold SUSY GUT [12] . The orbifold S 1 /Z 2 × Z ′ 2 was used in the original paper, but we use the S 1 /Z 2 in this article. Models with same particle contents are constructed using them, because there is one-to-one correspondence between them.
Our 4-dimensional world is supposed to be the hypersurface fixed at y = 0. We assume that the 5-dimensional bulk fields consist of SU(5) gauge supermultiplet V and two kinds of Higgs hypermultiplets H and H . The components of V are given by
where the A α M (x, y) (M = 0, 1, 2, 3, 5) is 5-dimensional gauge bosons, λ α 1 (x, y) and λ α 2 (x, y) are two kinds of gauginos and σ α (x, y) is a real scalar field. The V is decomposed, in 4 dimensions, to the vector superfield V and the chiral superfield Σ as
where the index α indicates SU(5) gauge generators (T α ). The components of H and H are given by
where the fields with tildes represent superpartners of Higgs bosons called 'Higgsinos'. The H and H are decomposed into four kinds of chiral superfields
where H and H c transform as 5 representation and H c and H transform as5 representation. The BCs of each field are determined up to an arbitrary sign factor called 'intrinsic Z 2 parity', if the representation matrices P 0 and P 1 are given. The gauge bosons yield the following BCs,
These BCs are consistent with the gauge covariance of the covariant derivative
When we choose the representation matrix:
the Z 2 parities for the members of V are fixed as
where the index a indicates the gauge generators of the SM gauge group ) has even Z 2 parities and their zero modes (denoted as A a µ (x) and λ a (x)) survive in our 4-dimensional world.
V (x, y)
The Higgs chiral superfields yield the following BCs,
where η 0H , η 1H , η 0H and η 1H are the intrinsic Z 2 parities. They are consistent with the requirement that the kinetic term of Higgsinos should be invariant under the Z 2 parity transformation. When we choose (16) and η 0H = η 1H = η 0H = η 1H = +1, the Higgs chiral superfields have the following Z 2 parities, 
The point is that because the colored components have an odd parity and no zero modes, the gauge symmetry reduction such as SU(5) → G SM occurs and the triplet-doublet mass splitting is elegantly realized through the orbifold breaking 4 under the Z 2 parity assignment:
Our simple model was extended and studied intensively [14, 15] . Our brane fixed at y = 0 has the SU(5) gauge symmetry. For the location of matter fields, there are many possibilities. Some matter chiral superfields exist on our 4-dimensional brane as SU(5) multiplets and others are in the bulk as a member of hypermultiplets. Three families can originate from both our brane fields and zero modes of bulk fields. The Kaluza-Klein (KK) modes do not appear in our low-energy world, because they have heavy masses of O(1/R), which is the magnitude of the grand unification scale.
Let us come back to the problems in SUSY GUT. The gauge symmetry reduction and triplet-doublet mass splitting have been elegantly realized through the orbifold breaking. We need to consider the µ problem "What is the origin of µ term in the MSSM?" and the problem on the stability of proton. These subjects were investigated from the structure of the theory [15] . The dangerous µ term due to a brane interaction is forbidden by U(1) R symmetry. Here, the U(1) R is the diagonal subgroup of two U(1)s from SU(2) R × SU(2) H where SU(2) R is the R symmetry and SU (2) H is the flavor symmetry rotating the two kinds of Higgs hypermultiplets. There are several scenarios to generate µ term with a suitable magnitude. The U(1) R also forbids the dangerous proton decay processes via the KK modes of colored Higgsinos exchange. The processes via the KK modes of X and Y gauge bosons exchange are suppressed if the matter fields with 10 representation in the first two generations are the bulk fields. The fermion mass hierarchy can be generated by the difference among the locations of matter fields, because the magnitude of each interaction among bulk fields and brane fields depends on the volume suppression factor [16, 17] .
The origin of family will be discussed in section 4. We return to the first problem. We have found that the successful realization of mass splitting originates from the non-trivial assignment of Z 2 parities or the suitable choice of BCs. Hence, exactly speaking, the problem has not been completely solved and the following question remains.
Arbitrariness problem
What is the origin of specific Z 2 parity assignment? Or what is the principle to determine BCs?
TOPICS ON BOUNDARY CONDITIONS
Dynamical Rearrangement of Gauge Symmetry
Bearing the arbitrariness problem in mind, we study the gauge transformation properties of BCs and the physical implications on S 1 /Z 2 [18] . There are many kinds of 5 × 5 matrices that satisfy the relations (5). Diagonal matrices are written by
and one example of non-diagonal one is given by
where p and q are arbitrary real numbers. In this subsection, we show that some of them are related to by gauge transformations and have the same physics content. First we explain how a specific gauge transformation connects to different representation matrices. Under the gauge transformation
where Ω = Ω(x, y) is a gauge transformation function and operators with primes are given by,
The point is that the BCs do not necessarily agree with the original ones, i.e.,
Here, τ i s are Pauli matrices. These two types of BCs are connected to by the gauge transformation and hence they should be equivalent, i.e.,
If we use the equivalence relation (25) , the following relations are derived for the SU(5) group,
Now let us check whether the equivalence holds or not from the viewpoint of physics. On the mere face of it, there seem to exist two different statements. We refer to the symmetry on the Fourier expansions of a mutiplet as "the symmetry of BCs". Components have different mode expansions if their BCs are different, and then we have the following statement. S1. The symmetry of BCs, in general, differs from each other if mode expansions are different.
We show it using a simple example. We consider two theories that contain the same particle content (a scalar field h(x, y) whose representation is 5 of SU (5)) but the different BCs related to by the gauge transformation.
The mass terms upon compactification clearly differ from each other such that
Here, the symmetry of BCs is spanned by the generators which commutes with (P 0 , P 1 ,U) and differ from each other.
On the other hand, the following statement comes from the gauge principle, i.e., the physics should be invariant under the gauge transformation.
S2. The theories are equivalent and describe the same physics, if they are related to by gauge transformations.
How can we bridge the gap between the different mode expansions and the gauge equivalence? What is the physical symmetry? The Hosotani mechanism answers the questions. Let us consider gauge theories defined on a multiply connected space. The Hosotani mechanism consists of the following several parts [19] . The part (v) is just the answer of the first question. The equivalence between theories is understood from the gauge invariance of L as
by using the gauge invariance of V eff , i.e., − igA y (x, y) )h(x, y)| 2 and the physical mass spectrum is determined by the combination of the BCs and the VEV of A y . To obtain the VEV of A y , we need to find the minimum of V eff for each theory. After we find the minimum of V eff and incorporate the VEV of A y , we arrive at a same mass spectrum for two theories. We refer to this phenomenon as the "dynamical rearrangement of gauge symmetry".
We answer the second question in gauge theory defined on M 4 × (S 1 /Z 2 ). Dynamical Wilson line phases are given by {θ b = 2πRgA b y , T b ∈ H } where T b s are generators which anticommute with (P 0 , P 1 ),
They correspond to the parts with even Z 2 parities. Suppose that V eff is minimized at A y such that W ≡ exp(ig2πR A y ) = I with (P 0 , P 1 ,U). Perform a BCs-changing gauge transformation Ω = exp{ig(y + α) A y }, which brings A y to A ′ y = 0. Here, the gauge transformation of A y is given by A
Under the transformation, the BCs change to
Since the VEVs of A ′ y vanish in the new gauge, the physical symmetry is spanned by the generators which commute with (P sym 0 , P sym 1 ,U sym );
The group, H sym , generated by H sym is the unbroken physical symmetry of the theory. For our model discussed in the previous section, there is no radiative correction due to A y , because all zero modes of A y are projected out by the BCs (16) . Hence the physical symmetry is same as the symmetry of BCs and the triplet-doublet splitting survives!
Equivalence Classes of Boundary Conditions
In formulating the theory on an orbifold, there are many possibilities for BCs. We have found that some of them are gauge equivalent and arrive at the concept of equivalence classes of BCs. Now the arbitrariness problem is restated as: "what is the principle to select a specific or realistic equivalence class?" It is tough to answer the question. To provide information that is useful to solve the problem, we carry out the classification of equivalence classes and evaluate the vacuum energy density [20] .
For the classification of equivalence classes of BCs on S 1 /Z 2 , we can show that each equivalence class has a diagonal representative for T Φ [P 0 ] and T Φ [P 1 ] for the SU(N) gauge group. The diagonal representatives are specified by three non-negative integers (p, q, r) such that
where N ≥ p, q, r, s ≥ 0. We denote each theory with the BCs specified by (p, q, r) 
From this observation, we find that the number of equivalence classes is given by the difference between the number of diagonal pairs (P 0 , P 1 ) and the number of equivalence relations among those pairs and it is (N + 1) 2 for SU(N) gauge theories on S 1 /Z 2 . The vacuum energy density is essentially evaluated by using the value at the minimum of V eff . The V eff is a function of the background configuration of gauge field A bg M , some numbers which specify BCs and numbers of species with definite Z 2 parities,
where β is a parameter related to the soft SUSY breaking due to the Scherk-Schwarz mechanism [7] . We can calculate the one-loop effective potential using the generic formula:
where the sums extend over all degrees of freedoms of bulk fields, the sign is negative (positive) for bosons (FP ghosts and fermions) and M n are masses. (For the explicit formula in the simple case with the vanishing VEV of A y , see Ref. [20] .) The BCs including the Scherk-Schwarz SUSY breaking mechanism are given for gauge multiplet and a Higgs hypermultiplet on S 1 /Z 2 as
where β /R ≤ O(10 3 )GeV from the phenomenological viewpoint. Owing to the SUSY, the one-loop effective potential takes a finite value at the minimum even after the ScherkSchwarz SUSY breaking mechanism works. Hence, we can compare with the vacuum energy density among theories that belong to different equivalence classes if it were allowed. We find that it is difficult to realize [p; q, r; s] = [2; 0, 0; 3], which is equivalent to (16) , as the prefered equivalence class. Further, irrespective of matter content in the bulk, there remains the degeneracy, because the V eff is a function of q + r only and a unique [p; q, r; s] is not selected. We need to find a mechanism to lift the degeneracy.
Many people doubt if the comparison among gauge-inequivalent theories is meaningful or not. We hope that it can make sense in the situation that a fundamental theory has a bigger symmetry and BCs are dynamically determined.
ORBIFOLD FAMILY UNIFICATION
Preparations
The grand unification is attractive, because it offers the unification of forces and (partial) unification of quarks and leptons [21] . In the SU(5) GUT, two kinds of representations5 and 10 are introduced for each family. In the SO(10) GUT, one multiplet 16 for each family. Here the following question comes to mind.
Basic question Is the unification of families possible or not?
The family unification scenarios on a basis of larger symmetry groups are proposed [22, 23, 24] . Cosmological and astrophysical implications are studied on the breakdown of family symmetry [25] .
In the 4-dimensional Minkowski space-time, we encounter difficulty in the (complete) family unification because of extra fields such as 'mirror particles' existing in the higher-dimensional representation. Here, the mirror particles are particles with opposite quantum numbers under G SM . If the idea of the (complete) family unification is to be realized in nature, extra particles must disappear from the low-energy spectrum around the weak scale. Several interesting mechanisms have been proposed to get rid of the unwelcomed particles. One is to confine extra particles at a highenergy scale by some strong interaction [26] . Another possibility is to reduce symmetries and substances using extra dimensions, as originally discussed in superstring theory [27, 5] . 4-dimensional chiral fermions originate through the dimensional reduction where some of the zero modes are projected out by orbifolding, i.e., by non-trivial BCs concerning the extra dimensions on bulk fields. Hence we expect that all the extra particles plaguing the family unification models can be eliminated from the spectrum in the framework of orbifold GUTs and that the idea of the (complete) family unification can be realized. 5 In 5-dimensional space-time, bulk fields with arbitrary representations are allowed in the first place, because there are no local anomalies. There is a possibility or scenario that three families survive from a few hypermultiplets after orbifolding. On the other hand, the theory can be anomalous on the 4-dimensional boundaries with the appearance of chiral fermions. Such anomalies must be cancelled in the 4-dimensional effective theory by the contribution of the brane chiral fermions and/or counterterms, such as the Chern-Simons term [31] . Hence there is a possibility that three families originates from a few hypermultiplets plus some brane fields. Bearing this observation in mind, let us derive three families from a hypermultiplet with a large representation and, if neccesarry, brane fields in the framework of an SU(N) gauge theory on M 4 × (S 1 /Z 2 ). We would like to stress a difference between our work and the previous ones. Various unification scenarios were, in most case, studied using the gauge supermultiplet. We use a hypermultiplet in place of the gauge supermultiplet.
Here I clear problems up by listing two questions as follows.
Two questions 1. Are three families in SU(5) GUT derived from a bulk field with the k-th anti-symmetric tensor representation of SU(N) or not after the Z 2 orbifold breaking? 2. Are three families in the SM are derived from a bulk field with the k-th anti-symmetric tensor representation of SU(N) or not after the Z 2 orbifold breaking?
We prepare the basic building blocks for our argument [32] . For simplicity, we consider the symmetry breaking (1) ν , which is induced by the representation matrices of the Z 2 parities:
where "SU(1)" unconventionally stands for U (1) , SU(0) means nothing and ν = 3 − κ where κ is the number of zero or one in p, q, r and s. After the breakdown of SU(N), the rank-k completely antisymmetric tensor representation [N, k], whose dimension is N C k , is decomposed into a sum of multiplets of the subgroup
where l 1 , l 2 and l 3 are integers, l 4 = k − l 1 − l 2 − l 3 and our notation is such that n C l = 0 for l > n and l < 0. Here and hereafter, we use n C l instead of 
We define the intrinsic Z 2 and
By definition, η [N,k] and η ′ [N,k] each takes the value +1 or −1. The Z 2 parities of the representation
A fermion with spin 1/2 in 5 dimensions is regarded as a Dirac fermion or a pair of Weyl fermions with opposite chiralities in 4 dimensions. The representations of each Weyl fermion are decomposed as,
where the subscript L (R) represents left-handedness (right-handedness) for Weyl fermions. The Z 2 parities of the
In the same way, the Z 2 parities of the representations
The
, from the requirement that the kinetic term should be invariant under the Z 2 parity transformation. The Z 2 transformation property for fermions is written down by
where
as η k and η ′ k , respectively. Both lefthanded and right-handed Weyl fermions having even Z 2 parities, P 0 = P 1 = +1, compose chiral fermions in the SM.
In SUSY models, the hypermultiplet is the fundamental quantity concerning bulk matter fields in 5 dimensions. The hypermultiplet is equivalent to a pair of chiral multiplets with opposite gauge quantum numbers in 4 dimensions. 
Family unification in SU (N) → SU (5)
We study the gauge symmetry breaking pattern SU(N) → SU(5) × SU(q) × SU(r) × SU(s) × U(1) ν , which is realized with Z 2 parity assignment +1, +1, +1, +1, +1, . . ., +1, −1, . . ., −1, −1, . . . , −1) , (52)
where s = N − 5 − q − r. After the breakdown of SU(N), the [N, k] is decomposed into a sum of multiplets of the subgroup
As mentioned before, 5 Utilizing the survival hypothesis and the equivalence of (5 R ) c and (10 R ) c with 5 L and 10 L , respectively, 7 we write the numbers of 5 and 10 representations for left-handed Weyl fermions as
where ♯ represents the number of each multiplet. When we take
), n5 and n 10 are given by
When we take
, n5 and n 10 are given by
In the same way, we can derive n5 = −n (+−) 5,k and n 10 = −n (+−)
and n 10 = −n (++)
Answer to the first question There are many possibilities to derive three families n5 = n 10 = 3.
The representations and BCs derived three families up to SU (15) are listed in Table 1 .
Family unification in SU (N) → G SM
We study the gauge symmetry breaking pattern, SU(N) → SU(3) × SU(2) × SU(r) × SU(s) × U(1) n , which is realized by the Z 2 parity assignment where s = N − 5 − r and N ≥ 6. After the breakdown of SU(N), the [N, k] is decomposed into a sum of multiplets of the subgroup
We list the U(1) charges for representations of the subgroups in Table 2 . The U(1) charges are those in the subgroups
up to normalization. We assume that G SM = SU(3) × SU(2) ×U(1) 1 , up to normalization of the hypercharge. Particle species are identified with the SM fermions by the gauge quantum numbers. Here, we use
and q L to represent down-type anti-quark singlets, lepton doublets, up-type anti-quark singlets, positron-type lepton singlets and quark doublets. The particles with primes are regarded as mirror particles and believed to have no zero We list the Z 2 parity assignment for species in Table 3 . Note that mirror particles have the Z 2 parity P 0 = −(−1) k η k . Hence all zero modes of mirror particles can be eliminated by the proper choice of Z 2 parity when we take (−1) k η k = +1. 
using the equivalence of the charge conjugation. When we choose (−1) k η ′ k = −1, we obtain formulae in which n l is replaced by nd and n q by nū (= nē) in Eqs. Table 4 . In the 8-th column, the numbers in the parenthesis are the flavor numbers of the neutrino singlets for (−1) k η ′ k = −1.
